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Abstract 



■ The energy spectrum of the three-particle Hamiltonian obtained by replacing the 

two-body trigonometric potential of the Sutherland problem by a three-body one of a 

<D 

similar form is derived. When expressed in appropriate variables, the corresponding 

>: 

wave functions are shown to be expressible in terms of Jack polynomials. The exact 
solvability of the problem with three-body interaction is explained by a hidden 
sl(3,R) symmetry. 
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In recent years, the Sutherland one-dimensional iV-particle model |1|] and its 
rational limit, the Calogero model 0, have received considerable attention in the 
literature. They are indeed relevant to several apparently disparate physical prob- 
lems, such as fractional statistics and anyons || , spin chain models [|J , soliton wave 
propagation [[J, two-dimensional non-perturbative quantum gravity and string the- 
ory ||, two-dimensional QCD J7|, quantum chaotic systems and continuous matrix 
models ||. 

Discovering new exactly solvable problems of a similar kind is of considerable 
interest and is therefore a topic of active research (see e.g. P, |10|1). 

In the present paper, we shall present one such example, corresponding to a 
three-particle one-dimensional problem, wherein the particles are assumed to have 
equal masses, to move on an interval of length n/a, and to interact via a three- 
body trigonometric potential. We shall obtain the energy spectrum and the wave 
functions of the model when the particles are distinguishable or when they are 
indistinguishable and are either bosons or fermions. In addition, we shall prove that 
the model exact solvability can be explained by a hidden sl(3,R) symmetry. 

In units wherein h = 2m = 1, the Hamiltonian of the problem can be written as 

3 3 

H = ~Y,di +3fa 2 J2 esc 2 (a(xi + xj - 2x k )) , (1) 

i=l i,j,k=l 

where Xi, % = 1, 2, 3, < xi < ir/a, denote the particle coordinates, di = d/dxi, 
and / is assumed to be such that — 1/4 < / ^ 0. In the limit where a — > 0, 
the three-body trigonometric potential in (|l|) goes over into the three-body inverse 
square potential for particles moving on a line that was studied a long time ago by 
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Calogero and Marchioro [|TTJ , and, with an additional two-body harmonic potential, 
by Wolfes 

The Hamiltonian is invariant under translations of the centre-of-mass, whose 
coordinate will be denoted by R = (xi+X2+x 3 )/3. In other words, H commutes with 
the total momentum P = —i J2i=i di, which may be simultaneously diagonalized. It 
will prove convenient to use two different systems of relative coordinates, namely 
Xij = Xi — Xj, i 7^ j, and = + Xj — 2xk, i ^ j ^ k ^ i, where in the latter, we 
suppressed index k as it is entirely determined by i and j. 

Since for singular potentials crossing is not allowed, in the case of distinguishable 
particles the wave functions in different sectors of configuration space are discon- 
nected, while for indistinguishable particles, they are related by a symmetry require- 
ment. In the present case, the sector boundaries are determined by the vanishing 
of one of the variables y^. Since yi 2 + 2/23 + 2/31 = 0, in a given sector one of the 
variables t/ij must be of opposite sign to that of the remaining two. So there are 
altogether six sectors |11, 1^1 , which may be labelled by an index q — 0, 1, ... , 5, 
as follows: 



q = : 



q=l: 



q = 2 



q = 3: 



q = 4 : 



q = 5 : 



2/12 > 0,?/23 < 0,2/31 < 



2/12 > 0,1/23 < 0,2/31 > 



2/12 < 0,7/23 < 0,2/31 > 



2/12 < 0,?/23 > 0,2/31 > 



2/12 < 0,2/23 > 0,2/31 < 



2/12 > 0,2/23 > 0,2/31 < 



= (x 23 > 0,X 3 i < 0, \xi2 



= (Xl2 > 0,^31 < 0, |X 23 



= (X12 > 0,a; 2 3 < 0, |x 31 



(x 31 > 0,x 23 < 0, \X12 



= (X 31 > 0,212 < 0, \x 23 



(X23 > 0,Xi2 < 0, \X 31 



< min(x 2 3, -X31)) 

< min(xi2, -X31)) 

< min(xi2, -x 23 )) 

< min(x 3 i, -X23)) 

< min(x 3 i, -X12)) 

< min(x 2 3, -^12)) 



Let us first assume that the particles are distinguishable and let us restrict the 
particle coordinates to a given sector of configuration space. By using the trigono- 
metric identity 

3 

E cot(ayij) cot(ay jk ) = 2, (2) 

i,j,k=l 

it is easy to show that the unnormalized ground-state wave function of Hamilto- 
nian ([IJ) is then given by 
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^Po(x) = Y[ \sm(ay i:j )\ X , (3) 

and corresponds to a vanishing total momentum and to an energy eigenvalue E = 
24a 2 A 2 , where A = (1 + y/l + ±f)/2 (implying that / = A(A - 1)). 

As usual in such a type of problem the remaining solutions of the eigen- 
value equations Hip(x) = Ei/)(x), and Pip(x) = pip(x) can be found by setting 
if)(x) = ipQ(x)ip(x) . The function (p(x) satisfies the equations hip(x) = eip(x), 
and Pip(x) = p(p(x), where e = E — Eq, and the gauge-transformed Hamiltonian 
h = (ipo^x))' 1 (H — Eq)iPq(x) can be written as 

3 3 

h = -Y j d 2 l -\a £ cot (ayij) (d i + d j -2d k ). (4) 

i=l i,j,k=l 

In terms of the new variables Z{ = exp (~ia(xj — 2xj + 4xfe)), where (ijk) = 
(123), h and P become 



h = 12a 2 



and 



f J2 (z, t d z f + A £ ^z.a) - |a 2 fe Wf , ( 5 ) 

, i i,j Z i Z j I 6 \ i I 



P = 2a^>A i , (6) 



respectively. Equations (|) and (|6|) bear a resemblance to corresponding results for 
the Sutherland potential, with Zi defined in such a case by Zi = exp(2iaxi). This 
hints at a possibility of expressing the simultaneous eigenfunctions of h and P in 
terms of Jack polynomials as in the case of the Sutherland potential |13| . 



By using Eq. (11) and theorems 3.1 and 5.1 of Ref. |14]], it is indeed straight- 
forward to prove that such simultaneous (unnormalized) eigenfunctions are given 
by 

<P{k}(x) = exp(QiaqR)J {fl} (z\ A -1 ) , (7) 

and that there are no further eigenfunctions linearly independent from ([?]). Here 
g G K, and J^} (z; A -1 ) denotes the Jack (symmetric) polynomial in the variables 
Zi, i = 1, 2, 3, corresponding to the parameter A -1 , and the partition {ji} = {/Ui/i 2 } 
into not more than two parts. The associated eigenvalues of h and P are 



4a 2 



3E^ 2 -1 EM -6A 2 



(8) 



and 



P{ k y = 2aJ2h = 2a fe^* + > ( 9 ) 

respectively. In Eqs. (0), (§), and @, {k} = {k^k^}, where k±, k 2 , and k% are 
defined by 

ki = q — X, k 2 = H2 + q, h = fix + q + A. (10) 

The gauge-transformed Hamiltonian h can be separated into two parts, describ- 
ing the centre-of-mass and relative motions respectively, h = h cm + h rel , where 
h cm = P 2 /3. As in the case of the Sutherland potential [15|, it is advantageous to 
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write the relative Hamiltonian h in terms of new variables. By setting 



exp(— 2iaxjk) = Ziexp(—2iaR) 



(11) 



for (ijk) = (123), and 



i i<j 



(12) 



one finds 



h rel = 8a 2 



(d 2 - 3C 2 ) dl + (CiCa - 9)<9 ( 2 iC2 + (C 2 2 - 3Ci) dl + (3A + 1) (Ci<% + ( 2 d t 



C2, 



(13) 

The eigenfunctions and eigenvalues of h can be similarly separated into centre- 
of-mass and relative contributions, 



. -C'fft I 



x 



exp (ip {k} R) = exp 



2m ]T fci LR 



J M (v; A- 1 ) = P M (C; A- 1 



(14) 
(15) 
(16) 



and 



H{fc} 



--{k} 



rel 



era I rel 
€ {k} 

1 2 4 2 



4a 2 



3E^ 2 -(E^) 2 -6A 2 



(17) 
(18) 

(19) 



In Eq. CpL6|) , P{ M } (£; A x ) is the polynomial in (i and (2, characterized by the parame- 
ter A -1 and the partition {/i} = {/i^}, that is obtained from the corresponding Jack 



polynomial in the variables V; t by making the change of variables (|I2") . In Eq. ([19] 



the relative-motion energy eTjk actually depends only upon the partition {fi}, and 
not upon q, and may be written as 

eg } = 8a 2 (/i 2 - /ii// 2 + A*2 + 3A//i) , (20) 

so that P{ M } (£; A -1 ) satisfies the eigenvalue equation 

/^M (C; A" 1 ) = e\%P M (C; A- 1 ) . (21) 

For instance, for {fi} = {2}, one finds J{ 2 } (2; A^ 1 ) = J2i zf+2\(\+l)~ 1 J2i<j z i z ji 
and P{2} (Ci A -1 ) = Ci — 2(A + 1) _1 C2- For general {//}, one can show that 
-P{At} (Ci A -1 ) belongs to the space V^C), where V n (Q, n G N, is defined as the 
space of polynomials in Ci and C2 that are of degree less than or equal to n (hence, 
dimK = (n + l)(n + 2)/2). 

Let us now consider the full configuration space for distinguishable particles. 
Let (p^ el (x) denote the function coinciding with function (pT6|) in sector q, and 
vanishing in the remaining five sectors. It is obvious that the six wave functions 
tp$y el (x), q = 0, 1, . . ., 5, corresponding to a given partition {//}, are associated 
with the same eigenvalue of h rel . In addition, we note from (|20|) that ^ llX2 \ = 

^-^y Hence, for generic (i.e. irrational) A values, the relative energy spectrum 
levels characterized by any partition {/ii/^} for which > 2//2 have a twelvefold 
degeneracy, whereas those for which \i\ = 2/z 2 have only a sixfold degeneracy. 

Such degeneracies can be explained by considering the symmetry group of h rel , 
which is a group of order 12, obtained by combining the six particle permutations 
with the identity and the parity transformation II : These transforma- 

tions act both on the variables, and on their domains, i.e., the configuration space 
sectors. 
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The variables Ci and (2 remain invariant under any even permutation, but are in- 
terchanged under any odd permutation or the parity transformation. From Eq. flIT)| ) 
and the properties of Jack polynomials, it results that 

p {^2} (C2, &; = P{in,m-H2} (&> C2; A -1 ) , (22) 

showing that the interchange of (1 and (2 is equivalent to the replacement of {^1^2} 
by {/ii, #l - /*2>- 

Each g-sector is invariant under one odd permutation, but under the remaining 
permutations, is changed into the sectors for which q has the same parity. For 
instance, q = — > q = under (12), q = — > g = 2 under (23) or (132), and 
g = — > q = 4 under (31) or (123). The parity transformation, on the other hand, 
mixes the even-g-sectors with the odd ones, e.g., q = — > q = 3. 

By combining these results, it is now clear that the functions t P{^ 2 \( x )i an d 

d-wl^ for 9 = °> !>•••> 5 > and A*i > 2/x 2 , or ^"^(a:) for 5 = 0, 1, 
. . ., 5, span the representation space of some irreducible representation of the relative 
Hamiltonian symmetry group, as it should be. 

Let us next consider the case of indistinguishable particles, either bosons or 
fermions. The only allowed wave functions are then completely symmetrical or 
antisymmetrical functions, respectively. The previous discussion shows that they 
are given by 



(±)(e)rel, \ (0)rel , \ . (2)rel , \ . U)rel i \ 



± 



pS-m^) + C-mW + ^R-mH > ( 23 ) 
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and 



± 



^t-^) + ^t-^w + ^tit-^ x )\ > ( 24 ) 



where the upper (resp. lower) signs correspond to bosons (resp. fermions). The rel- 
ative energy spectrum levels are characterized by the partitions {/11/X2}, such that 
yUi > 2/i 2 for bosons, or /i X > 2/i 2 for fermions, and they have a residual twofold 
degeneracy coming from the invariance of h rel under II. The linear combinations 

^ssr ± ^issr'' and ^ssr t ^issr have & ^ ven even ° r ° dd ' re - 

spectively. 

The relative energy spectrum (in appropriate units) and its degeneracies are the 
same as for three particles on an interval of length ir/a, interacting via the two- 
body potential k(k — l)a 2 csc 2 (axjj) whenever the particles are distinguishable, 
but they are distinct for indistinguishable particles. This is due to the fact that 
both the configuration space sectors, and the variables the relative wave functions 
depend upon have different transformation properties under permutations for the 
two potentials. 

For the two-body potential, the configuration space sectors may be labelled by 
an index p — 0, 1, . . ., 5, and defined as follows: p = 0: (xi 2 > 0, x 23 > 0, £31 < 0), 
p = 1: (xi2 > 0,x 23 < 0,x 3 i < 0), p = 2: (x 12 > 0, x 23 < 0, x 31 > 0), p = 3: 
(xi 2 < 0,x 23 < 0,x 3 i > 0), p = 4: (x i2 < 0,x 23 > 0,x 3 i > 0), p = 5: 
(X12 < 0, a; 23 > 0, x 31 < 0) [11, [12]| . Any one of them is transformed into the five 



remaining sectors under permutations. On the other hand, the p = and p = 3, 
p = 1 and p = 4, p = 2 and p = 5 sectors are interchanged under IT. 
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The relative wave functions in a given sector now assume the form [TH] 



V\% (x) = J M («; k- 1 ) = P M (rj\ « _1 J, (25) 

where tOj = exp(— 2iayjk/3) for (ij'A;) = (123), and 7/1 = X^-itf*, r/ 2 = J2i<jWiWj = 
J2i From their definition, it results that the variables r/i and r/2 remain invariant 
under permutations, but are interchanged under II. 

For bosons or fermions, the relative wave functions for the two-body potential 
may therefore be written as 



(26) 

where ip^ el (x) denotes as before the function coinciding with function (^Sj) in 
sector p, and vanishing in the remaining five sectors. In Eq. (^), {/u} runs over all 
partitions into not more than two parts. The relative energy spectrum levels are 
characterized by {/ii/^}, where n\ > 2fi 2 for both bosons and fermions. Those with 
\i\ > 2/x 2 have a twofold degeneracy coming from the invariance of h rel under II. The 
corresponding even and odd wave functions are given by y{^^\{ x ) ^V^i'mi-a^}^)' 
and P{^l r ^}( x ) "F V^i'mi-^}^)' res P ec tively. In contrast, the levels with \i\ = 2^ 2 
are not degenerate, the corresponding wave function ^{^2^ 2 }^ x ^ ( res P- fifij^}^)) 
being even (resp. odd). 

As a final point, we shall now proceed to show that the exact solvability of H, 
defined in Eq. (P, or equivalently of h rel , defined in Eq. ([13|) , is due to a hidden 
sl(3,R) symmetry. For such purpose, let us consider the operators Ey, i, j = 1, 2, 3, 



(l)rel, \ (3)reZ/ n (5)rel , 
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defined by 

En = Ci<%, E 22 = C 2 %, E 33 = n- Ci<% - ( 2 d <2 , 

E31 = %, E 32 = %, = (2%, #12 = Ci%, 

^13 = <i-Ci 2 9 Cl -CiC 2 %, ^3 = nC 2 -CiC2%-C!%, (27) 

where n may take any real value. It is clear [To], [RJ that they fulfil the gl(3,M) 



commutation relations 

[Eij, Em] = 5kjEu — 5uE k j. (28) 

Since the linear combination J2iEu reduces to a constant, Eq. fl2~T|) actually pro- 
vides a representation of the traceless part sl(3,R) of gl(3,R), acting on the space of 
functions in (1 and ( 2 . Whenever n is a non- negative integer, such a representation 
reduces to a finite-dimensional one on the space V n (Q of polynomials in (1 and C, 2 
that are of degree less than or equal to n. 

It is now straightforward to prove that h rel belongs to the enveloping algebra of 
sl(3,lR). It can indeed be rewritten as the following quadratic combination of the 

h rel = 8a 2 E u + E n E 22 + E 22 — 3E U E 32 — 3E 2X E 3 i — 9E 3 iE 32 + 3A (E n + E 22 ) . 

(29) 

Such an expression is valid for any real n value. Hence, the operator h rel possesses 
infinitely many finite-dimensional invariant subspaces V n (Q, n = 0, 1, 2, . . ., and, 
correspondingly, preserves an infinite flag of spaces, Vo(C) C Vi(C) C V^(C) C . . .. 
In the basis wherein all spaces Ki(C) are naturally defined, the matrix representing 
h rel is therefore triangular, so that h rel is exactly solvable [W]. 
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In conclusion, we did prove in the present paper that various results valid for 
the iV-particle Sutherland problem can be extended to the three-particle problem, 
wherein the Sutherland two-body trigonometric potential is replaced by a three-body 
potential of a similar form. In particular, the wave functions can still be expressed 
in terms of Jack polynomials such a property being related with the existence 



of a hidden sl(3,R) symmetry [15 



Although the wave functions of the problem with two-body interaction and of the 
present one look similar when expressed in appropriate variables, they are actually 
rather different when rewritten in terms of the particle coordinates Xi, i — 1, 2, 3. As 
a consequence, for indistinguishable particles for which permutations of the x^'s play 
a crucial role, the energy spectra of the two problems are distinct. Comparing other 
properties of the three-particle system for the two problems might be an interesting 
question for future study. 

It is not clear yet whether the three-particle problem with both two- and three- 



body trigonometric potentials is exactly solvable as its rational limit [JTT], [12| . Inves- 
tigating this point would be of interest too. 

One should also note that the A-particle problem with three-body trigonometric 
interaction is unlikely to be solvable as the three-particle one since the latter is 



connected with the exceptional Lie algebra G2 ||17| . This contrasts with the case of 
the iV-particle problem with two-body trigonometric interaction, which is related to 
the Lie algebra A N _x for any iV = 2, 3, .... 

As for the Sutherland potential |13| , one might also consider a generalized spin- 



dependent Hamiltonian for particles with internal degrees of freedom. In such a 
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case, use could be made of the three first-order differential-difference operators that 
were recently introduced in connection with the Weyl group D$ of G2 [ 18 , IS . 
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